
AM147 11:30am
Class 26: 2D Maps
Goals for the day:

1. Explore some properties of the Hnon map.

2. Work with the Smale horseshoe.

Problems:

1. The Hénon map is given by

xn+1 = 1 + yn � ax2
n

yn+1 = bxn.

(a) (12.2.4) Find all of the fixed points of this map and give an existence condition for them.

(b) (12.2.5) Calculate the Jacobian matrix of the Hnon map and find its eigenvalues.

(c) (12.2.6) A fixed point is linearly stable if all eigenvalues satisfy |�| < 1. Consider �1 < b < 1.

The fixed points are of the form x = �c ±
p
c2 + d. The x = �c �

p
c2 + d fixed point is

always unstable. Consider the x = �c +
p
c2 + d fixed point. Using the contour plots below

for the value of each eigenvalue, what is its stability?
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(d) Come back to this if time permits, but skip ahead to the Smale horseshoe for now. Along the
line a = 3

4 (1� b)2, one of the eigenvalues attains � = �1. Show that for a > 3
4 (1� b)2, there

is a 2-cycle.

2. (12.1.7) The Smale horseshoe map is illustrated in the figure below. In this map, some of the points
that start in the unit square are mapped outside the square after an iteration of the map.
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Notice the crucial difference between this map and that shown in Figure 12.1.3:
here the horseshoe hangs over the edge of the original square. The overhanging
parts are lopped off before the next iteration proceeds.
a) The square at the lower left of Figure I contains two shaded horizontal strips.
Find the points in the original square that map to these strips. (These are the
points that survive one iteration, in. the sense that they still remain in the
square.)

b) Show that after the next round of the mapping, the square on the lower left con-
tains four horizontal strips. Find where they came from in the original square.
(These are the points that survive two iterations.)

c) Describe the set of points in the original square that survive forever.
The horseshoe arises naturally in the analysis of transient chaos in differential

equations. Roughly speaking, the Poincare map of such systems can often be ap-
proximated by the horseshoe. During the time the orbit remains in a certain region
corresponding to the square above, the stretching and folding of the map causes
chaos. However, almost all orbits get mapped out of this region eventually (into
the "overhang"), and then they escape to some distant part of phase space; this is
why the chaos is only transient. See Guckenheimer and Holmes (1983) or Arrow-
smith and Place (1990) for introductions to the mathematics of horseshoes.

12.1.8 (Henon's area-preserving quadratic map) The map

X,,+I = x" cos ex - (y" - sin ex
Yn+1 =x" sin ex + (y" - x,;) cos ex

EXERCISES 449

Figure 1: The Smale horseshoe map (from Strogatz)
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(a) In the original unit square, which regions remain in the unit square after one iteration? Mark
these regions V0 and V1.

(b) Sketch the e↵ect of a second iteration of the map. Identify the points in the original unit
square that survived two iterations. Mark these regions V00, V01, V10, V11.

(c) Work to identify the set of points in the original unit square that survive forever under forward
iterations of the map.

(d) Now consider a backward iterate of the map. Which points stay in the unit square under a
backward iteration? Mark these regions H0 and H1

(e) What about under two backward iterations? Mark these regions H00, etc.

(f) Attempt to construct the set of points that is in the unit square for all time (both forward
and backward).

Some answers:

1. (a) x⇤ = �1+b
2a ±

q��1+b
2a

�2
+ 1, y⇤ = bx⇤,

��1+b
2a

�2
+ 1 > 0.

(b) � = �ax⇤ ±
p
(ax⇤)2 + b

(c) Stable until �1 crosses �1. Then there is a flip bifurcation.
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